In this paper, we present a complete method for solving all polynomials of the form φ(z) = c n z n + c n−1 z n−1 + · · · + c 1 z + c 0 over any given octonion division algebra. When φ(z) is monic, we also consider the companion matrix and its left and right eigenvalues, and study their relations with the roots of φ(z), showing that the right eigenvalues form the conjugacy classes of the roots of φ(z), and the left eigenvalues form a larger set than the roots of φ(z).
Introduction
The question of finding the roots of a given (monic) standard polynomial φ(z) = z n + c n−1 z n−1 + · · · + c 1 z + c 0 over any quaternion division algebra Q with center F was fully solved in [3] : the polynomial has an assigned "companion polynomial" Φ(z) whose degree is 2n and its coefficients live in F, which is also the companion polynomial of the embedding of the companion matrix C φ of φ(z) in M 2n (K) where K is an arbitrary maximal subfield of Q. The left eigenvalues of C φ coincide with the roots of φ(z), and the right eigenvalues of C φ coincide with the roots of Φ(z). The roots of Φ(z) group into (up to n) complete conjugacy classes. For each such conjugacy class, either the entire class consists of roots of φ(z), or it contains exactly one root of φ(z). Earlier papers on this subject include [4] (solving equations over the real quaternion algebra), [1] and [2] (solving quadratic equations over arbitrary quaternion algebras), and [8] (solving monic quadratic equations over the real octonion algebra).
The aim of this paper is to extend these results to octonion division algebras. A part of the motivation comes from recent results in physics that translate physical problems to equations over octonions and more general Cayley-Dickson algebras, see for example [6] . We consider standard polynomials over an octonion division algebra A. These are polynomials with coefficients appearing only on the left-hand side of the variable: φ(z) = c n z n + c n−1 z n−1 + · · · + c 1 z + c 0 where c i ∈ A. For any λ ∈ A, the substitution of λ in φ(z) is defined to be c n λ n + c n−1 λ n−1 + · · · + c 1 λ + c 0 and is denoted by φ(λ). By a root of a standard polynomial φ(z) over A we mean an element λ ∈ A satisfying φ(λ) = 0. We denote by R(φ) the set of roots of φ(z). We define the companion polynomial Φ(z) and the companion matrix in the same manner as in the quaternionic case. We show that the roots of Φ(z) are the conjugacy classes of the roots of φ(z). We prove that for each class in R(Φ), either the entire class is in R(φ) or it contains a unique element form R(φ). We prove that the right eigenvalues of C φ are exactly the roots of Φ(z), and also describe its left eigenvalues. Unlike the quaternionic case, the left eigenvalues of C φ turn out to be a larger set than the roots of φ(z), and we provide an example of this phenomenon.
Note that our definition of a standard polynomial places the coefficients on the left-hand side of the variable, but clearly the same methods can be applied to solving polynomials with coefficients appearing on the right-hand side. Given a standard polynomial φ(z) = c n z n + · · · + c 1 z + c 0 over an octonion algebra A, we define its "mirror" polynomial to beφ(z) = z n c n + · · · + zc 1 + c 0 .
Octonion Algebras
Given a field F, a quaternion algebra Q over F is a central simple F-algebra of degree 2 (i.e., dimension 4 over F). When char(F) 2, it has the structure
for some α, β ∈ Q × , and when char(F) = 2, it has the structure
for some α ∈ F and β ∈ F × . The algebra Q is endowed with a symplectic involution mapping a+bi+c j+di j to a−bi−c j−di j when char(F) 2 and to a+b+bi+c j+di j when char(F) = 2. An Octonion algebra over F is an algebra A of the form A = Q⊕Qℓ where Q is a quaternion algebra over F, and the multiplication table is given by (p+qℓ)·(r+sℓ) = pr+ℓ 2s q+(sp+qr)ℓ where¯stands for the symplectic involution on Q and ℓ 2 ∈ F × . This involution extends to A by the formula p + qℓ = p − qℓ. The octonion algebra is endowed with a quadratic norm form Norm : A → F defined by Norm(x) = x · x and a linear trace form Tr : A → F defined by Tr(x) = x + x. Every two elements in A live inside a quaternion subalgebra, unless char(F) = 2, in which case the two elements can also live inside a purely inseparable bi-quadratic field extension of F inside A, for example the elements j and ℓ in the construction above. In particular, the algebra is alternative. The algebra is a division algebra if and only if its norm form is anisotropic. For further reading on octonion algebras see [7] and [5] .
The Companion Polynomial
The goal of this section is to give a deterministic algorithm for finding all the roots of a given standard polynomial over an octonion division algebra. Since the octonion algebra is alternative and T, N ∈ F, we can conjugate this equation by h and obtain (hgh −1 ) 2 − T (hgh −1 ) + N = 0, which means that the trace and norm of hgh −1 are T and N, resp. In the opposite direction, suppose g and g ′ have the same trace and norm. If they live inside a quaternion subalgebra then they are conjugates in that subalgebra, and if the live inside a purely inseparable bi-quadratic field extension of F then they must be equal. 
standard polynomial over an octonion division algebra A over a field F with companion polynomial Φ(z). Then R(Φ) ⊇ R(φ).
Proof. By the [7, Lemma 1.
Consequently, if φ(λ) = 0 for a certain λ ∈ A, then also Φ(λ) = 0.
All the coefficients of Φ(z) are central, i.e. belong to F (because they are sums of traces and norms of elements in A). Therefore, the roots of Φ(z) depend only on their norm and trace, i.e. the set R(Φ) is a union of conjugacy classes. 
Consider an element z 0 ∈ R(Φ) with norm and trace N 0 and 
which means that λ satisfies the same quadratic characteristic equation over F as z 0 , and so λ is in the same conjugacy class as z 0 , i.e. has norm N 0 and trace T 0 .
The previous two theorems give a complete algorithm for finding all the roots of an octonion polnyomial: 
is the unique representative of its conjugacy class in R(φ).
The Companion Matrix and its Left Eigenvalues
Suppose A is an octonion division algebra. Let φ(z) = z n + c n−1 z n−1 + · · · + c 0 be a monic standard polynomial with coefficients c 0 , . . . , c n−1 in A. We want to associate the roots of φ(z) with left and right eigenvalues of the companion matrix, given by
We define the γ-twist of φ(z) to be the polynomial
A left (or right) eigenvalue of C φ is an element λ ∈ A which satisfies C φ v = λv (C φ v = vλ) for some nonzero column vector v of length n with entries in A. Write LEV(C φ ) and REV(C φ ) for the sets of left and right eigenvalues of C φ .
Theorem 4.1. For any standard polynomial φ(z) over A, LEV(C
Proof. The element λ ∈ A is a left eigenvalue of C φ if and only if there exists a nonzero vector
This equality is equivalent to the system
Note that since v 0, v 1 0. The first n − 1 equations mean that v is
and the last equation then becomes
Write γ = v 1 . Note that if γ = 0 then v is the zero vector, so we have γ 0. For each i ∈ {0, . . . , n − 1}, write c ′ i = γ −1 c i , and so the equation becomes γc
By the Moufang identity (xy)(zx) = x(yz)x, the former equation becomes
Therefore, λ is a root of the twisted polynomial φ γ (z). In the opposite direction, it is clear from the same computation that a root λ of φ γ (z) is in LEV(C φ ).
Corollary 4.2. Let φ(z) be a standard monic polynomial over an octonion algebra A over a field F, and let E(N, T ) and G(N, T ) be as in Theorem 3.4. Then

R(φ) ⊆ LEV(C φ ) ⊆ R(Φ).
For every conjugacy class [z 0 ] ∈ R(Φ(z)) of norm N 0 and trace T
, it is enough to notice that the twists φ γ (z) have the same companion polynomial as φ(z) up to division by the norm of γ (using the multiplicativity of the norm form and 
Note that unlike the case of quaternion algebras, there is no inclusion LEV(C φ ) ⊆ R(φ), not even in the case of quadratic polynomials. Example 4.3. Consider the polynomial φ(z) = z 2 + iz + 1 + i j. The element λ = j is not a root of this polynomial. However, λ = j is a root of the twisted polynomial φ ℓ (z), and so it belongs to LEV(C φ ).
Note that in this example, j belongs to the quaternion subalgebra generated by the coefficients, which means that even in the case where all the coefficients belong to the same quaternion subalgebra Q, there is no guarantee that LEV(C φ ) ∩ Q = R(φ) ∩ Q. The following proposition describes the set LEV(C φ ) ∩ Q in such cases:
over a division octonion algebra A whose coefficients belong to a quaternion subalgebra Q of A, we have LEV(C
Proof. Every left eigenvalue λ of C φ satisfies
for some γ ∈ A × . Suppose all the coefficients belong to a quaternion subalgebra Q, and suppose λ ∈ Q as well. Then A decomposes as A = Q ⊕ Qℓ. The element γ decomposes accordingly as γ = γ 0 + γℓ. By a straight-forward computation, we obtain c 0 γ + c 1 (λγ)
The inclusion in the opposite direction is proven using the same computation.
Right Eigenvalues of the Companion Matrix
Given a polynomial
Proof. The element λ ∈ A is a right eigenvalue of C φ if and only if there exists a nonzero vector
This equality is equivalent to the system 
Therefore, λ is a root of the twisted polynomial φ γ (z). In the opposite direction, it is clear from the same computation that a root λ of φ γ (z) is in REV(C φ ). 
For every conjugacy class
, it is enough to notice that the twists φ γ (z) have the same companion polynomial as φ(z) up to division by the norm of γ 2 (using the multiplicativity of the norm form and Proof. The only case in which e and g do not live inside a quaternion subalgebra is when char(F) = 2 and F[e, g] is a purely inseparable bi-quadratic field extension of F inside A. Suppose it is not the case, and let Q be a quaternion subalgebra of A in which e and g live. Then A decomposes as Q ⊕ Qℓ. 
Notice that Norm(δ 1 ) = Norm(γ 1 )Norm(λ). In addition Norm(δ 0 ) = Norm(γ 0 )Norm(λ), and therefore Norm(δ) = Norm(γ)Norm(λ). For this choice of δ we obtain δ(eg)δ −1 = γ(g(eγ −1 )).
This proves the inclusion {γ(g(eγ −1 )) : γ ∈ A × } ⊇ {δ(eg)δ −1 : δ ∈ A × }. A similar substitution can show the opposite inclusion {γ(g(eγ −1 )) : γ ∈ A × } ⊇ {δ(eg)δ −1 : δ ∈ A × }. Since {δ(eg)δ −1 : δ ∈ A × } = {δ(ge)δ −1 : δ ∈ A × }, the proof is complete, except for the special case mentioned above. Suppose now that char(F) = 2 and F[e, g] is a purely inseparable bi-quadratic field extension of F. We can assume without loss of generality that g = ℓ, A = Q⊕Qℓ and e ∈ Q. Furthermore, we have e = e. Write γ = γ 0 +γ 1 ℓ and δ = δ 0 +δ 1 ℓ. Then, γ(e(ℓγ −1 )) = (eδ 0 )ℓ)(δ 0 + δ 1 ℓ) = 1 Norm(γ) (eδ 1 δ 0 ℓ 2 + δ 1 eδ 0 ℓ 2 + (eδ 2 0 + δ 1 eδ 1 )ℓ). By plugging δ 0 = γ 1 ℓ 2 and δ 1 = γ 0 , δ(eℓ)δ −1 becomes 1 Norm(γ) (γ 0 eγ 1 ℓ 2 + eγ 0 γ 1 ℓ 2 + (γ 2 1 eℓ 2 + γ 0 eγ 0 )ℓ). This gives a bijection r + sℓ ↔ r + sℓ between the sets {γ(e(gγ −1 )) : γ ∈ A × } and {δ(eg)δ −1 : δ ∈ A × }. Since r + sℓ ↔ r + sℓ is also a bijection from the set {δ(eg)δ −1 : δ ∈ A × } to itself (for it preserves the trace and norm), there is an equality {γ(e(gγ −1 )) : γ ∈ A × } = {δ(eg)δ −1 : δ ∈ A × }. 
